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This conference deals with Stochastic Nonlinear Dynamics to engi-
neering problems.

The primary motivation is to approach the spectral responses of
vibrating systems under wide-band random inputs. Non-linearities
are strong, often localized, possibly including hysteresis.

Based on nonlinear modal analysis and the use of the Stochastic
Averaging Principle, the concept of Equivalent Linear System with
random parameters will be presented. The method is well suited for
the characterization of nonlinear signatures, predictives responses,
parametric identification and model reduction.
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Figure 2. Seat: dry-friction and stops-system



GOVERNING EQUATION

(M]Q (1) +[C(QM))IQ(H) + F(Q(t)) + [PIH(t) = [SIW (1)
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LINEARIZATION WITH CONSTANT PARAMETERS

G(Q.Q.Q)=W  (st.pr. E(W)=0)

(M]“Q +[C]“Q + [K]“Q + B*“ =W

e=G(Q.Q.Q)— ([M]“Q +[C]Q + [K]“Q + B

- Probability law of (Q, Q, Q) is in general unknown to perform the
expectation [E(.).



GAUSSIAN CLOSURE

~

Gaussian property: Y=Y +Y, [cov(Y)]=E[YY "]

E{h(Y)ffT} — (E[0yh])E[YY "] for some scalar h(Y)

Let Y =col(Q, Q, Q), it follows
B+ (K] B(Q) =0
[M]eq:]E{c‘?QG}, [C]GQ:E[E)’QG}, K] = E[0oG]

- Depend on (Y , [cov(Y)]) (iterative process).



” TRUE 7”7 STOCHASTIC LINEARIZATION METHOD

- With signal processing: find (|[M ¢, |C]¢, | K|®?, B¢9) s.t.

lim ~ / (eTe)dt is minimized

e=W — (IM]“Q + [C]*Q + [K]*Q + B*Y)

and (W, Q, Q. Q) are measured values on (0,7).

- Do not use the mathematical form of the non-linear elements



COMMENT

- Good approximation of the first two moments: mean value and
covariance matrix (energy), even for large nonlinearities

- Very bad approximation of two-time statistics such that Autocorre-
lation Matrix or Power Spectral Density Matrix (frequency distribu-
tion of the energy)

- Our goal: Linearization with Random Parameters:

a = (vector) random variable

(M (a)]Q +[C(a)]"Q + [K (a)]Q + B*(a) =W



1-D.O.F. CONSERVATIVE SYSTEMS

q+ f(q)=0,

f(q) (regularenough), qf(q)>0 ¢#0, f(q)=— f(—q)

-Amplitude-phase change:
given (a, ), a>0, p€|0,27], set

q(t) = acoso(t)

- Find

10



- Substitution yields

d

P (97 sin?g) — % sing f(a cosg) =0

s .
02(a. ) = 2 [, sinof(acoso)do _2(V(a) = V(acosg)) (~0)

a sin? ¢ a’sin?¢

S|
T(a) _/0 (a3 ™

- Properties
02(a, ¢) = 3(a) + S~ Qi(a) cos(2i¢)
Q5(a) = L ” f(acos)cos ¢ dp= F1(a)

am Jy a
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COMMENT

- Finite Fourier Series for polynomial: f(q) =w?q+A¢’>, A>0

OV (a, @) =w?+ % Aa? + i Aa?cos (2¢)
4 5 \a?

T'(a)

VR k), B = 2(w*+Aa?)

- Otherwise truncated Fouriler series
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RANDOM INPUT

G(t)+2ecq(t)+ f(q(t))=2+/c sw(t) (w(t)=unit whitenoise)

- van der Pol transform: with €(a, ¢) previously defined

(q,q) = (a, )



STRATONOVICH EQUATIONS

- Compatibility eq.
a4 cos @ =a ¢ sin @

- Evolution egs.

a=—2cca’ *(a, 9) sin®(¢) — 2/< sa a, ¢) sin (@) o W
2 o () —2+/2 (0 ()

'—8caQ2(a’¢) sin — €S a, ¢) COS o W
b =ceas i sin (20) =2 Es 7 cos (0

b =Q(a, )+ ¢
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AVERAGING
Averaging = Removing oscillating terms: < g(a) > = % | OQW gla, ¢)do

(R.L.Stratonovich 1963 and 1967 Topics in the theory of random
noise, Gordon and Breach)

o(x(t)) o dw(t) = oa(x(t))o(z(t))dt + o(z(t))dw(t)
Eo(z(t))dw(t) =0, E(o(z(t))dw(t))?=E (o (z(t)dt
_ After averaging one finds It6’s SDE equations of the form
da=em(a)dt + 2/ n(a) dw (slowly varying)
do=2yEh(a)dwy, (dp=<Q>dt+dy)

Amplitude eq. do not depend on the phase eq. and w; Lw;
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FOKKER-PLANCK EQUATION

- Stationary Fokker-planck eq.

1 m(a)
n*(a)

da

2

- Linear case f(¢)=w?q, p(a)= ac;ﬂ exp (— 2 CWQ), (Rayleigh)

S 252

- Phase ¢ (or ¢) is uniformely distributed on |0, 27]

- The r.v. a(t), p(t) are independent

pla,¢)=5-p(a) (=p(a,0))
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EQUIVALENT LINEAR SYSTEM WITH RANDOM COEFFICIENTS

G(t) +2ecq(t) + fla(t) cosp(t)) =2/ s (t)

Fi(a)

f(lacosg)=Fi(a)coso + i Fonii(a)cos(2n+1)¢p= . q+er(o)
<0a,)>=0a) =L 165@

- ELS: Consider the slowly varying process a(t) as a random variable
a with density p(a) (previously defined)

(*) G(t)+2ecq(t) +Q(a)g(t) =2 Ve bla) s (t)

17



(*) G(t)+2ecq(t) +Q(a)g(t) =2 Ve b(a) s (t)

- Weighting function b(a): preserving energy for given a

2 I P a’
B(la) =5 [ acost(0)do =5
- From ( x) follows
b2( )s a’ a’c Q§(a)

equating with — = b2(a) =

E(¢*|a) = () 5

2 52
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RELATION WITH LINEARIZATION WITH CONSTANT COEFFI-
CIENTS

-Recall
f(g) ~w?q s.t. min E(f(q) — w*¢)*)=E(f(9)g— w’¢*) =0

w

- Let g =acos¢ and E(.) calculated with p(a, ¢) = % p(a)

/a(2/{/5f(acosgb)cosgbdgb—wQa)%p(a)da—O

(2/f(acos¢)cosgbdgb—w2a>—0
¢
2 _ Fi(a)

a

W

= Q5(a)
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POWER SPECTRAL DENSITY (PSD)

G(t) +2ecq(t) +Q(a)g(t) =2 Ve bla) sw(t)
- ELS: Random Transfert Function
H(wla)= (2eciw — w?+Q§(a)) !
- ELS: conditional PSD
Sq(wla) = |H(wla)[*4b*(a) s*

- NLS: Approximate PSD
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DUFFING OSCILLATOR

§+2q¢+qg+Ag°=2+/ w(t)

" | se@ @®
Sx(ﬁ)) (dB) :

(w/2x)

Figure 5. f(q)=X¢>,e=2.510"3, \=2. Figure 6. ¢=2.510"2, A=10
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ELASTIC-STOPS-SYSTEM
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Figure 9. Asymmetrical clearance and stiffnesses
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SUMMING UP

G(t)+2ecq(t) + f(q(t)) =2 /e sw(t)

- Construct the nonlinear mode of the conservative system

- Perform a van der Pol transformation for the forced eq. based on
the NL conservative mode

- Apply stochastic averaging to Stratonovich SDE for (a(t), ¢(t)) and
derive the p.d.f. p(a)

- Define an ELS with random parameter (a(t) ~a a r.v. with density

p(a))
G(t) +2ecq(t) +Q3(a)q(t) =2 € ba) s (t)

- Define an approximate PSD for the non-linear response

S,(w) —/OOO Sq(wla) pla)da
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NON-LINEAR DAMPING AND ASYMMETRICAL CASE

G(t)+clq(t), q())q(t) + f(q(t)) =0

- Amplitude-phase change

q(t)
o(t)
(1)

|

2
-
=

|
AN

- Dynamics

f(?}, ¢) :f(v, - ¢) :S(Ua gb—i_ﬂ—)v Q(Ua ¢) :Q(Uv - ¢) :Q<Ua gb—|_ﬂ_)

- To balance quadratic terms

b(v,d)=b(v, p+ ).
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EXAMPLE

G+c(q)g+q=0 where 0(9)2_5(1—2—32612+8Q4—?—§q6)
08 . 1 o . :
a—gbcosgb—Qfsmgb—fv 502 Oy sing = £¢(v cos)sing

18—92 sing + Q% cosg — coso = coso <§2 + l”va—f +ec(v COS¢)§)

2 00 270
{(é
v

- m-periodic solutions : v*(¢) =v* (¢ + )
.. * * 2
- Limit cycles ¢(t) =v*(o(t)) (cos ¢(t)) T = fo (Q(v*c(li)),qb)

Q(U,¢) dv f(v,(b)

= — =0

vé(v, @) do Q(v, ¢)
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Figure 10. 3 limit cycles

e=0.01|| e=0.1 || e=0.5 || e=0.8 || =1
[ approx. 6.2832 || 6.2860 || 6.3543 || 6.4710 || 6.5833
T given by a shooting method || 6.2832 || 6.2849 || 6.3263 || 6.3938 || 6.4564

Tableau 1. Period of the limit cycle vi=1 for various values of «.
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MULTI-DEGREE OF FREEDOM: NONLINEAR NORMAL MODES

oo .

M]Q(1) + G(Q(¢), Q(t)) =0, [M]>0
Q=v(P.(v, @) cosp—Wv, ¢)sin p)+v B(v, @)
o(t) = Qu(t), o(t)) — v 0(0)=a
{w) o)), ory, MO0
UM O+ I M| P, =1, T [M]P,=0
Q(U,QS)ZQ(U, - ¢):Q(Ua¢+ﬂ-)7 g(v7¢):€(v7 - ¢)Z€(”U,Q5—|-7T)

le.(vv ¢) :\II.(’U’ - ¢) :lII.(fU, ¢+7T)
B(v, ¢)=B(v, ¢+ )
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MULTI-DEGREE OF FREEDOM: COUPLED MODES

(M]Q(t) +2e[C1Q(1) + F(Q()) = 2\/E[S]W (t)

VX eR", VY €e R*"Y #0, Y ([0xF(X)] + [0xF(X)]1)Y >0 (regular
enough)

- [M] and [C] are positive definite symmetrical matrices. |S| an nxm real
matrix.

- The eigenvalue problem [0F(X°)]® = [M]¥w? has n distinct eigenva-
lues (necessarily > 0) where X denotes the unique root of F(X)=0.

- W (t): R™-unit white noise (E(W (£)W (t + 7)) = [I]6(7)).

- The NL system has a unique asymptotically stable second order statio-
nary solution.
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A VAN DER POL TRANSFORM

1=1

Only the coupling through the amplitudes is taken in account
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DEFINITION OF B(a),¥;(a), Q(a), i=1,2,....n

- With Q=B(a)+ ., , a;¥i(a)cos ¢; consider the Fourier series

n

F(Q)=Fo(a,B,¥)+ Z Fila, B, W) cos ¢; + er(p1, Ppo...0n)
i=1

- Modal functions: for each @ € R%, find (B(a), ¥;(a), Q(a), i =1, n)
such that

Fola, B,¥)=0

[M]wiﬁgzifi(a,B,w) i=1,2,...,n

7

@, 7(a)[M]¥;(a) =1
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- Integration by parts

Mpw, 0= 2o [T [T oF (@) sintes dpwi(a) (= 9%a)-0

- The vectors ¥ ;(a) do not verify in general the orthogonality properties.

Adjoint modal vectors:

- Unique solution in a neighborhood of a =0 (deformation of modes issued

from [M]®¥,; Q? = [0xF(X()|¥,)).
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AN ANALYTICAL SOLUTION
- Radial potential: F(Q) :8QV(%QT[K]Q), K| sym > 0,

B=0

MW, w? = [K|¥;, ¥, [M]¥;=1, I' =¥, donot depend on a

2wz-2

sz(a') — (27T)n

2m 2m
/0 2y aV(%QT[K]Q)COSQQbZ' do1...don

I V()= 2]+ 2% and , Q¥(a)=w? (143, 02w o)

33



NUMERICAL EXAMPLE

(M]Q(t) +2¢[C]Q(t) + [Ko] Q(t) + (QT (1) [K1]Q (1) Q(t) =21/ [S]W (1)

34
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SDE, AVERAGING, FOKKER-PLANCK

(11] +clod)d = [ding Z22)(2£[T7][C]Q + 2r) — 27 [ding ToP) (17| (8] 0 W

-[B)d + [1]¢ = [ding L] 26[0T][C]Q +r) — 2VE [ding X2 7T][S]0 W

/ a(a, @)]dor...don = [a(a)], / Bla, ¢)]dor...ddy = [0
o) (o)

After Averaging no exact solution of the associated Fokker-
Planck equation
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AN APPROXIMATE SOLUTION

- Matrices |a(a, ¢)] and |3 (a, ¢)] are replaced by their mean value
da; = emi(a) dt + 2\/5 nz(a) dw; with wz-J_wj

- Stationary Fokker-Planck equation reads L£*(p)=>"", L] (p)=0

1=

- Define

¢; = non-normalized solutionto L;(q;) =0 forfixed a;;

p(ab A2y ..., an) — (DN ql(a1|a2, X3 an)QQ(CL2|CL1, XXR) an)----Qn(an|a17 XXR) an—l)

Cn = constant of (re)-normalization

37



Typically

gi(a) =aifdi(a) f(a,si(a))exp (- /0% ci(@)Q (a)g(ex, si(ex)) i dey)

Figure 12.
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MODAL ELS

- a is now a vector r.v. with p.d.f as above

Q(t)=B(a)+ ) ¥i(a)qt)
1=1

- By applying T/ (a) to the NLS
§.+2T7[C]Y WG+ qi+ T er =2 T{ [S]W (1)
j=1
- Small damping, white noise input, = modal ELS (as 1 DOF)

qz -+ 25(372(0') Qj - Q?(CL) qi = 2\/g bi(a)FzT(a) [S]W(t)a 1=1,n

=< p < a=T1[C]®;, s7=T;"[S][S]"[T;
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POWER SPECTRAL DENSITY MATRIX



DOMINANT MODES

In general, for vibrating mechanical systems, the first few modes (strictly
smaller than n) suffice to correctly describe the response.

- m~dominant modes m < n (selected by conventional linéarization with
constant coefficients)

m

Q.=B(a)+ Z W,(a)a; coso;

1=1

L F(Qu) dy...dgy=0

MW, 02 = (2 / 0F(Q)] sine, dqs) Ti(a), i<m
¢
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- Other modes (conventional eigenvalue-problem)

[M]‘I’iﬂg—</¢ 0 F (Qm)) dfb) ¥i(a), m<i<n

- With T';//(a)[M]®(a)=46;; and p(a)=rp(ai,az,...an)

So(w)] = /R [Sq(wsa)lp(a)dar...day,

42



NON-LINEAR PLATES (FROM REINHALL, MILES,...)

The accuracy of fatigue analysis of large complex structures can be greatly
improved by considering the geometrical nonlinearities of plates and shells
when subjected to high acoustic or vibratory loading. Life predictions
based on the linear plate theory have been shown to deviate significantly
from experiment in cases of intensive excitation.
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Non-linear random vibration of a periodically stiffened plate is considered
by Reinhall and Miles [JSV 1989 JVA 1997|, Mei and Wentz [1982 experi-
mental|. Starting with von Karman plate theory and the use of Pujara’s
space harmonics [JSV 1971| the authors obtain the nonlinear deflection u
as an n-modes expansion:

u(x, y,t Z% )i(x, y)

in which ¥;(x, y) is the ith “linear” eigenfunction and ¢;(t), i=1,n:

n
) . kil
Gi+ 2ewidi+wigi+ Y ¢l qiana = 2v/ESiw(t)
75kl

where 0 < € < < 1 and w(t) is a wide-band stationary random excitation
with zero mean (here a unit-white-noise).
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RESULTS

A 3-mode expansion model (n = 3) is considered. The system parameter
values can be found in Reinhall and Miles [JSV 1989|.
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Figure 13. MC simulations: L and NL modes
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Figure 14. MC simulations
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DRIFTING RESPONSE OF HYSTERETIC OSCILLATOR

We discuss the drifting response of the elastic pertectly plastic hyste-
retic oscillator under zero mean random load with power spectrum
vanishing at zero frequency.

When the excitation power spectrum is non zero at zero frequency,
stochastic linearization predicts a displacement variance increasing
linearly with time. When the excitation power spectrum vanishes at
zero frequency, which is the case for several spectra used in earth-
quake engineering to model the ground motion, Monte Carlo simula-
tions show (i) that the velocity power spectrum is non zero at zero
frequency, and (ii) that in this case also the displacement variance
linearly increases with time, whereas classical stochastic linearization
predicts a bounded displacement variance, failing altogether to cap-
ture the physics of the response.
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MODEL

T(t)+2z(t) = 24/cow(t)
2(t) = 2(t)(1—U(z(t),sgn(t)))

w(t) = zero mean wide-band stationary process with spectrum
vanishing at zero frequency

U(z, sgnz )= H(|z| — 1)H(z2z), EPP model, H(u)=Heaviside

function
U(z,sgnz) = B(sgnz)|z|" *2+v|z|™ smooth model >0

Zero linear residual stiflness
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Figure 17. EPP oscillator under base excitation

0 20 40 60 80 100 120 140 160
t

Figure 18. Mean-square displacement 21/c0=0.5 (MC), S, (0)=0
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GAUSSIAN LINEARIZATION
F(t)+2(t) = 2vF ow(t)

(1) =€ z(t) + wi ©(t) where £ <0

t

- (2(t), 4 (t)) zero mean st. pr. z(t) = fo

T(s)ds?
Si(w)=4ec?|H(w, &, wol* Sw(w)  (Sw(0)=0=5;(0)=0)

sin?

VdVNtSa';(O) as t— o0 =0

E(a?(r)) = - /0 " Su(v /)

12

- Same result with a global linearization with random coeflicients.

Our goal is to prove that S;(0) #£0
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AMPLITUDE-PHASE TRANSFORM (1)
T =vCcos¢p+ /Ot u(s)ds
T =y-+1u where y=v(&(v)cos¢ —Q(v))sing
v=EWv+d, ¢=00w)+¢, (£(v)<0and Qv)>0)
z2=Z(v,P)+ 2
- v as a parameter: Z(v, @)= Z(v, ¢ + 2m) (cyclic component)

dz .
Q%_y(l_w(za Sgny))

Z(v, @) = h(v, £/€2) cosg + h*(v, £/€) sing +er:(9)

-(a (= v), o (= @), u, 2) for 3 old variables (x,z,z2)
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AMPLITUDE-PHASE TRANSFORM (2)

d cosp = puvsing (compatibility eq.)

sing [(2),v€ + ()3 QL+ h%(v, 7) cose + h*(v, 7) sing| +

+sing [t + 2 +ery + (veé, cosd — v, sing)d] = Q d + 2/ o sing w

P4 =(y+0)(1-TU(Z+2,sgn(y+1)))
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- Setting |[....| = 0= expressions for £(v), Q(v)
Q% ~ h(v,0)/v (>0)
26Q~h*(v,0)/v (L0)

- Setting [....| = 0 = closure equation

U+2=—er;— (v€, cosp — v§2, sing)d
- It remains

d :—Zﬁ%singbw, gb:—Q\/EU% COS W
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STOCHASTIC AVERAGING
From the (a, ¢)-eqs. follows (with & =&& <0)

Uzsgv—Q\/E%wsinqb, gb.:Q—Q\/Ev%wcosgb

- After averaging (w aunit white noise)

0.2

@zeév—keﬁ(Sw(Q)/Q)v—F ;2 0) +/2e — \/

vQ(v exp{ s [o e€ (a ))) ozdoz}
fooo UQ(v)eXp{F fo 55 a)siﬂ(gj)) ada}dv

pu(v) =

1
Pvp — %pv — Puvd

o7



SPECTRAL DENSITY OF u

—€£Q—Q2ﬁ:2\/g}/20'w+€fg

N>,

0 +2=2/eYiow+er;
Yo= (2, sing + % cos®) /2, Y1 =sin¢ (&, vcosp — v ), sing)/ )

o8



1

v, @ r.v. with p(v,gp):%p(v) and ¢ =Q(v)t+ ¢

S.(0lv) = 0) — € (v)Yi,20(0) |2 S0 (202(v))

n=—oo

~

Yo= (2, smgb—l— Cosgb)/Q Y1 =sin¢ (&, v cosp — v, sing)/ )

&@—Aw&mmmmm
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Figure 19. MC(0).Only n=1 is taken in account.Sy(w) ~w? as w? — 0
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Choreography and Stunts that have accompanied this presentation
are of Michel Jean
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