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Dedication

® Cordialement déedie a Michel Jean,
mon ami de plus de quarante ans,
a l'occasion de son entree
dans sa deuxieme decade de sexagenaire

# attention : ce souhait n’est pas valable en Belgique !
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l. The classical forced pendulum
equation

GEORG DUFFING (1861-1944)
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1918

® G. DUFFING (1918), Erzwungene Schwingungen bei veranderlicher
Eigenfrequenz und ihre technische Bedeutung
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1918

® G. DUFFING (1918), Erzwungene Schwingungen bei veranderlicher
Eigenfrequenz und ihre technische Bedeutung

#® Appendix IV : solution of the free pendulum equation
"+ Lsiny =0
using elliptic functions (WEIERSTRASS, H.A. SCHWARZ)
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1918

® G. DUFFING (1918), Erzwungene Schwingungen bei veranderlicher
Eigenfrequenz und ihre technische Bedeutung

#® Appendix IV : solution of the free pendulum equation
"+ Lsiny =0
using elliptic functions (WEIERSTRASS, H.A. SCHWARZ)

® p.44: '+ Lsinyg = ksinwt

# first nonlinear approximation :
V" — 6%@&3 = k sin wt
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1918

® G. DUFFING (1918), Erzwungene Schwingungen bei veranderlicher
Eigenfrequenz und ihre technische Bedeutung

#® Appendix IV : solution of the free pendulum equation
"+ Lsiny =0
using elliptic functions (WEIERSTRASS, H.A. SCHWARZ)

® p.44: '+ Lsinyg = ksinwt
# first nonlinear approximation :
V" — 6%@&3 = k sin wt
» T-periodic solutions for % small 7" = 22

#® approximate amplitude vs frequency curve
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From mechanics to analysis

GEORG HAMEL (1877-1954)
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1922

® HAMEL (Math. Annalen 86)

®» T=2C

® v+ Asinu = Bceoswt, u(0)=u(T), u'(0)=d(T):
Euler-Lagrange equation of the C'* action functional
Tr(u) = fOT(UT/2 + Acosu + ubB coswz) dt

on the space
Cy = CL10,T] = {u c CH0,T] | u(0) = u(T)}
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1922

o
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HAMEL (Math. Annalen 86)
T =2

u” + Asinu = Beoswt, u(0)=u(T), ' (0)=u(T):
Euler-Lagrange equation of the C'* action functional
Tr(u) = fOT(UT/2 + Acosu + ubB coswz) dt

on the space

Cy = CL10,T] = {u c CH0,T] | u(0) = u(T)}

Ty has a minimum over 071%
at least one solution YV A>0, VBelR

proof valid for Bcoswt  replaced by any h(t) € o
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1922

°

o o o @

HAMEL (Math. Annalen 86)
T =2

u” + Asinu = Beoswt, u(0)=u(T), ' (0)=u'(T):
Euler-Lagrange equation of the C'* action functional

Tr(u) = fOT(”T/2 + Acosu + ubB coswz) dt
on the space
Cy = CL10,T] = {u c CH0,T] | u(0) = u(T)}

Ty has a minimum over 071%
at least one solution YV A>0, VBelR

proof valid for Bcoswt  replaced by any h(t) € o
result is rapidly forgotten
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Necessary conditions

u" + Asinu = h(t), u(0)=u(T), ' (0)=d(T)
® A>0, T>0, helL':=LY0,T)
# existence and multiplicity of solutions
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Necessary conditions

u” + Asinu = h(t), u(0)=u(T), «(0)=u(T)

9

9

©

A>0, T>0 helL!':=LY0,T)
existence and multiplicity of solutions
S c L'(0,T) vector subspace

S::{UES\U—TIO dt—O}

# NC for existence : h € [—A,A]

® NC forexistence VT >0, VA>O0:

1S heﬁ sufficient ?

he/Lvl

Variations o
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1980-82

® Whrl0,T):={ue L?|u e L’} (1<p<+00)

® '+ Asinu=h(t), u0)=u(T), «0)=d(T):
Euler-Lagrange equation of the C'' action functional
T(u) = foT(uT/Q + Acosu+ uh) dt
on  Wy*:={uecW"0,7] | u(0) = u(T)}
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1980-82

® Whrl0,T):={ue L?|u e L’} (1<p<+00)

® '+ Asinu=h(t), u0)=u(T), «0)=d(T):
Euler-Lagrange equation of the C'' action functional
T(u) = foT(uT/Q + Acosu+ uh) dt

on  Wy*:={uecW"0,7] | u(0) = u(T)}

® CAsTRoO (Conf. Diff. Equ.) (variational Lyapunov-Schmidt) :
at least one solution Y he L2, VYV A < w?
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1980-32

® Whrl0,T):={ue L?|u e L’} (1<p<+00)

® '+ Asinu=h(t), u0)=u(T), «0)=d(T):
Euler-Lagrange equation of the C'' action functional
T(u) = foT(uT/Q + Acosu+ uh) dt

on  Wy*:={uecW"0,7] | u(0) = u(T)}

® CAsTRoO (Conf. Diff. Equ.) (variational Lyapunov-Schmidt) :
at least one solution Y he L2, VYV A < w?

® WILLEM (Publ. math. IRMA Lille 3), DANCER (AMPA (4) 131)

independently : 7 has a minimum over W,

(Z WLSC has a bounded minimizing sequence) =
at least one solution YV heLl, VA>0
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1980-32

® Whrl0,T):={ue L?|u e L’} (1<p<+00)

® '+ Asinu=h(t), u0)=u(T), «0)=d(T):
Euler-Lagrange equation of the C'' action functional
T(u) = foT(uT/Q + Acosu+ uh) dt

on  Wy*:={uecW"0,7] | u(0) = u(T)}

® CAsTRoO (Conf. Diff. Equ.) (variational Lyapunov-Schmidt) :
at least one solution Y he L2, VA< u?

® WILLEM (Publ. math. IRMA Lille 3), DANCER (AMPA (4) 131)
independently : 7 has a minimum over W,
(Z WLSC has a bounded minimizing sequence) =
at least one solution VYV h € ﬁ, VA>O0

# none of them knew HAMEL'S paper
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1984

® M—-WILLEM (J. Diff. Equ. 52) 1 YV h € L1

s T bounded below on W#z, T(u) = Z(u + 27),

(PS). and (BPS)-conditions VY ceR

s T has a minimum on W#Q at  wug

s T has the geometry of mountain pass lemma w.r.t.
ug and wug+ 2w
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1984

® M—-WILLEM (J. Diff. Equ. 52) 1 YV h € L1

s T bounded below on W#z, T(u) = Z(u + 27),

(PS). and (BPS)-conditions VY ceR

s T has a minimum on W;gz at  wug

s T has the geometry of mountain pass lemma w.r.t.
ug and wug+ 2w

® v+ Asinu=~h(t), u0)=u(T), «(0)=u(T)
has at least two solutions YV A >0, Vhe Ll
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1984

® M—-WILLEM (J. Diff. Equ. 52) 1 YV h € L1

s T bounded below on W#z, T(u) = Z(u + 27),

(PS). and (BPS)-conditions VY ceR

s T has a minimum on W;gz at  wug

s T has the geometry of mountain pass lemma w.r.t.
ug and wug+ 2w

® v+ Asinu=~h(t), u0)=u(T), «(0)=u(T)
has at least two solutions YV A >0, Vhe Ll
® sharp: A<w? h=0: w=m, w =0
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1988-89

® RABINOWITZ (Trans. AMS 310), K.C. CHANG (J. Nonlin. Anal. 13),
M. (Ann.Inst.H.Poincaré—ANL 6 suppl.) independently . ¥ h € L1

— N—

s I(u+2r)=Z(u) canbe consideredon S'xW,”
s T bounded below, (PS)-condition on S x W;f

s T hasatleast cat_ —(S'xWy') critical

Sle#

points  (LUSTERNIK-SCHNIRELMAN-PALAIS)

—
r catSlxm//;?(Sl x W,7) = catgi(St) = 2
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1988-89

® RABINOWITZ (Trans. AMS 310), K.C. CHANG (J. Nonlin. Anal. 13),
M. (Ann.Inst.H.Poincaré—ANL 6 suppl.) independently . ¥ h € L1

— N—

s I(u+2r)=Z(u) canbe consideredon S'xW,”
s T bounded below, (PS)-condition on S x W;f

s T hasatleast cat_ —(S'xWy') critical
STXW,,

points  (LUSTERNIK-SCHNIRELMAN-PALAIS)

— N—

1,1
r catSlxm//;?(Sl x W,7) = catgi(St) = 2

® v+ Asinu=~h(t), u0)=u(T), «(0)=u(T)
has at least two solutions VY helLl, VA>0
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Remarks

® Asinu can be replaced by g¢(t,u) periodicin u
with fo ) du=0

® extensions to systems in RY : " + V,F(t,u) = h(t)

F T.-periodic in each u;, h € Ll = atleast N + 1
I-periodic solutions
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Remarks

9

Asinu  can be replaced by g¢(t,u) periodicin u
with fo ) du=0

extensions to systemsin RY : " + V,F(t,u) = h(t)
F T.-periodic in each v, he Ll = atleast N +1
I-periodic solutions

all known proofs are variational (except a symplectic
one of FRANKS (Ann.Math. 128 (1988))

known results based upon degree theory require
restrictionsupon A and T but cover situations

where h #0
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Remarks

® Asinu can be replaced by g¢(t,u) periodicin u
with fo ) du=0

® extensions to systems in RY : " + V,F(t,u) = h(t)
F T.-periodic in each v, he Ll = atleast N +1
I-periodic solutions

# all known proofs are variational (except a symplectic
one of FRANKS (Ann.Math. 128 (1988))

# Kknown results based upon degree theory require
restrictionsupon A and T but cover situations

where h #0

® more informations and references in
M., Handbook Diff. Equ. ODE 1 (2004)
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Il. The forced ‘p-pendulum equation’
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The problem

(| |P7%)) + Asinu = h(t), u(0)=u(T), ' (0)=7u(T)

® p>1, A>0 T>0 hell
® solution: weCl0,T], [/|P~2u' € AC[0,T]
# existence and multiplicity of solutions
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The problem

(| |P7%)) + Asinu = h(t), u(0)=u(T), ' (0)=7u(T)

p>1, A>0 T>0 helLl

solution: w e CY0,T], [P~ € AC[0,T]
existence and multiplicity of solutions

NC for existence : h € [-A, A]

o o o o 0

NC for existence VI >0, VA>0: hc I
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The problem

(| |P7%)) + Asinu = h(t), u(0)=u(T), ' (0)=7u(T)

p>1, A>0 T>0 helLl

solution: w e CY0,T], [P~ € AC[0,T]
existence and multiplicity of solutions

NC for existence : h € [-A, A]

NC for existence VI >0, VA>0: hc I

© o o o o o

1S hefl sufficient ?

Variations on the periodic solutions of the forced pendulum — p.20/34



The action functional

o (|u/|P72u) + Asinu = h(t), u(0)=u(T), +(0)=1u(T)
Euler-Lagrange equation of action functional

Iy(u) = fOT(% + Acosu + uh) dt
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The action functional

o (|u/|P72u) + Asinu = h(t), u(0)=u(T), +(0)=1u(T)
Euler-Lagrange equation of action functional

Iy(u) = fOT(% + Acosu + uh) dt
& 7, is C!' on

Wy = {u € WhP[0,T] | u(0) = u(T)}
® Vhell T,(u+2r)=7T,(u

® Yhell I, canbeconsideredon S' x W#p
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Multiplicity result

® M. Le Matematiche, 2011

® Vhell
s I, bounded below, satisfies (PS)-condition on
ST x W#p
s I, hasatleast cat_ —(S'x W) critical

ST WP
poINts (LUSTERNIK-SCHNIRELMAN-PALAIS)

—_— Nn——

s cat —— (St x W#p) = catg:(S1) =2

1 1,p
S ><W#
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Multiplicity result

® M. Le Matematiche, 2011

® Vhell
s I, bounded below, satisfies (PS)-condition on

1 o /LD
SXW#

s I, hasatleast cat ——(S'x W,P) critical
P SlXWé’p i

poINts (LUSTERNIK-SCHNIRELMAN-PALAIS)

— N—

s cat —— (St x W#p) = catg:(S1) =2

1 1,p
S ><W#

o (|u/|P72u) + Asinu = h(t), u(0)=u(T), ' (0)=u(T)
has at least two solutions YV A >0, VhelLl
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Remarks and open questions

#® Asinu canbereplacedby g¢(t,u) periodicin
with fo% g(t,u) du =0

# extensions to systems in R
(Il [|P~=%u")" + Vo F (2, u) = h(t)

F  Ti.-periodic in each wu, h¢€ i
— atleast N + 1 T-periodic solutions
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Remarks and open questions

#® Asinu canbereplacedby g¢(t,u) periodicin
with fo% g(t,u) du =0

® extensions to systems in RY
(Il [P~2u") + Vi F (2, u) = h(t)
F T.-periodic in each w;, he Ll
— atleast N + 1 T-periodic solutions

# existence and multiplicity results using fixed point
theory and degree under some conditions upon A
and T (BEREANU-JEBELEAN-M. J.Dyn.Diff.Equ. (2010))
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Remarks and open questions

9

Asinu  can be replaced by ¢(t,u) periodicin
with f()% g(t,u) du =0

extensions to systems in RY

(Il [P~2u") + Vi F (2, u) = h(t)

F T.-periodic in each w;, he Ll
— atleast N + 1 T-periodic solutions

existence and multiplicity results using fixed point
theory and degree under some conditions upon A
and T (BEREANU-JEBELEAN-M. J.Dyn.Diff.Equ. (2010))

replace the p-Laplacian  (|u/["~2u/) by  (p(u))
for a suitable class of homeomorphisms ¢ : R — R
(Orlicz spaces) ?
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lll. The forced ‘relativistic pendulum
equation’
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The problem

<\/1Zi/u/2> + Asinu = h(t), u(0)=u(T), «'(0)=u(T)

» A>0, T>0 helLl
# solution: e Clo,T],

[u'lloe <1,
o € AC,T]
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The problem

<\/1Zi/u/2> + Asinu = h(t), u(0)=u(T), «'(0)=u(T)

» A>0, T>0 helLl

® solution: weCHO,T], v <1,
s € AC[0,T]

» NC forexistence : hec[—A, A

® NC forexistence VA>0 VT>0 - helLl
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The problem

<\/1Zi/u/2> + Asinu = h(t), u(0)=u(T), «'(0)=u(T)

°

A>0, T>0, hell

solution:  w e CY0,T], |[|u']le0 < 1,

s € AC[0,T]

NC for existence : hec[—A, A

°

NC for existence VA>0, VT >0 helLl

h e L1 sufficient ?
BREzIS—-M., Diff.Int.Equ. 23 (2010)

o o o o
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The action functional

® 7.(u)= fOT(—\/l — u? + Acosu + uh) dt
® whereis 7, defined ?
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The action functional

® 7.(u)= fOT(—\/l — u? + Acosu + uh) dt
whereis 7, defined ?

1,00 . 1,00
®» W, =W,70,T]

={u:[0,T] = R | u Lipschitzian, u(0) = u(T)}

°
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The action functional

® 7.(u)= fOT(—\/l — u? + Acosu + uh) dt
whereis 7, defined ?
® W% = W,>0,7]

={u:[0,T] = R | u Lipschitzian, u(0) = u(T)}

°

® W,  Banach space with norm

|l

1oo := [|uloo + ||t ]|
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The action functional

® 7.(u)= fOT(—\/l — u? + Acosu + uh) dt

°

whereis 7, defined ?

1,00 . 1,00
®» W, =W,70,T]

={u:[0,T] = R | u Lipschitzian, u(0) = u(T)}

® W,  Banach space with norm

lull1,00 = [ltelloo + [e[|oc

® 7. defined on the closed convex set

K= {ue Wk | ol < 1}

ofclass C' on {ue W, | <1}

Var|
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New features

P W#OO not reflexive
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New features

P W#OO not reflexive

» 7. only defined on a closed convex subset of 17,

Variations on the periodic solutions of the forced pendulum — p.27/34



New features

P W#OO not reflexive

» 7. only defined on a closed convex subset of 17,

» (\/1’{7)/+Asinu —h(t), w(0) =u(T), ' (0)=u(T)

not a priori Euler-Lagrange equation of 7,

# finding a critical point of 7, not sufficient to have a
T-periodic solution
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Minimization of 7,

® V(u;j) in K convergingin CY0,T] to wuc€K,
liminf; o fOT(—\/l — u;? ) dt > fOT(—\/l —u'?) dt
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Minimization of 7,

® V(u;j) in K convergingin CY0,T] to wuc€K,
liminf; o fOT(—\/l — u;? ) dt > fOT(—\/l —u'?) dt

® Vhe fl 7, has a minimum over K
. equwalent to minimize 7, on
—{u e W“ (7 e (0,27, [[t]]os < 1}

s K bounded and equicontinuous

s Up to subsequence any minimizing sequence
converges uniformly to some «" € K

s u* minimizes 7, on K
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Variational inequality

® 7.(u)=mingZ, = VvekK

[T VT= 0P + VI 4 (~Asinu+ W) - u)] dt > 0
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Variational inequality

® 7.(u)=mingZ, = VvekK

[ VI 4 VI 4 (~Asinu+ W) —w)] dt >0

# idea of proof

s startfrom 7Z.(u) <Z.u+ AXv—u)] for vekK
and )\ < (0,1]

s use convexity of s+ —v1—3s? andlet X — 0+
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Variational inequality

® 7.(u)=mingZ, = VvekK

[ VI 4 VI 4 (~Asinu+ W) —w)] dt >0

# idea of proof

s startfrom 7Z.(u) <Z.u+ AXv—u)] for vekK
and )\ < (0,1]

s use convexityof s+ —v/1—5s2 andlet X\ — 0+
# problem : showthat |u/| <1
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Auxiliary problem

o VvVfell

/
() —u=f@), w(0)=u(), w(0)=u(T)
has a unique solution wy and ||u}lle <1
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Auxiliary problem

o VvVfell

, /
(s) —u=f@®), u(©0)=u(T), w(0)=u(T)
has a unique solution iy and ||| <1

#® special case of a result of BEREANU-M., J.Diff.Equ. 243
(2007)

# proof based upon fixed point and degree arguments
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Auxiliary problem

o VvVfell

°

, /
(s) —u=f@®), u(©0)=u(T), w(0)=u(T)
has a unique solution iy and ||| <1

special case of a result of BEREANU-M., J.Diff.Equ. 243
(2007)

proof based upon fixed point and degree arguments

ur satisfies a variational inequality :
Vel ;e K and VveK

I [—\/1 "o \/1 — @2+ (g + f)(o—ap)| dt >0
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Existence result

.pVhe/Lvl, VA>0 problem

(\/1’{?)/ + Asinu = h(t), u(0)=u(T), «'(0)=u(T)

has at least one solution minimizing 1, over K
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Existence result

’Vhe/Lvl, VA>0 problem

(\/1’{7)/ + Asinu = h(t), u(0)=u(T), «'(0)=u(T)

has at least one solution minimizing 1, over K

® ideaof proof. f,:=-Asinw+h—-wecl' (wek)
s u solvesthevi.: VoeveK
fOT{—\/l—v’2+\/l—u’2+(u+fu)(v—u)} dt >0

s Ywe K theunique T-periodic solution  u;  of
/ / . . .
( “ ) —u = f, satisfiesthev.i. Vove K

vV1—u'2
fOT [—\/1 — 2 + \/1 — U7+ (Ug, + fuw)v - afw)} dt

> ()
s thisimplies wu=uy, —andhence |u'[ <1
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Remarks and open questions

® Asinu can be replaced by g¢(t,u) periodicin u
with fo ) du =0

® /1 —u? canbereplacedby @(u/) with
®c Cl-a,a]NCt(—a,a) strictly convex
¢ =P : (—a,a) — R homeomorphism with  ¢(0) =0
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Remarks and open questions

°

Asinu  can be replaced by g¢(t,u) periodicin u
with fo ) du =0

—/1—u/2 canbereplacedby ®(u/) with
®c Cl-a,a]NCt(—a,a) strictly convex
¢ =P : (—a,a) — R homeomorphism with  ¢(0) =0

pure variational proof of the existence result ?
existence of a second solution ?
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Remarks and open questions

o o

Asinu  can be replaced by g¢(t,u) periodicin u
with fo ) du =0

—/1—u/2 canbereplacedby ®(u/) with
®c Cl-a,a]NCt(—a,a) strictly convex
¢ =P : (—a,a) — R homeomorphism with  ¢(0) =0

pure variational proof of the existence result ?
existence of a second solution ?
existence and multiplicity results by degree theory for

h  possibly non-zero, under restrictions upon A

and 7T using fixed point theory (ToRREs
Com.Cont.Math., BEREANU-JEBELEAN-M. J.Dyn.Diff. Equ. (2010))
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Extension to systems

® BREzIS-M. Com. Appl. Anal., to appear
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Extension to systems

® BREzIS-M. Com. Appl. Anal., to appear

® ¢:B, —RY homeomorphism ¢(0)=0
® )=Vd, &:B,—]—-00,00 C' on B,
9o

¢ continuous, strictly convex on B,
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Extension to systems

BREzIS-M. Com. Appl. Anal., to appear
¢ : B, — RY homeomorphism #(0) =0
¢p=V®o, &:B,—]—00,00 C' on B,

¢ continuous, strictly convex on B,

© o o o 0

F  Ty-periodic in each w,, he (LH)Y =
(¢(v)) = VuF(z,u) + h(t), u(0)=u(T), u'(0)=u(T)
has at least one T-periodic solution
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Extension to systems

BREzIS-M. Com. Appl. Anal., to appear
¢ : B, — RY homeomorphism #(0) =0
¢p=V®o, &:B,—]—00,00 C' on B,

¢ continuous, strictly convex on B,

© o o o 0

F  Ty-periodic in each w,, he (LH)Y =
(¢(v)) = VuF(z,u) + h(t), u(0)=u(T), u'(0)=u(T)
has at least one T-periodic solution

# open problem : multiplicity of solutions
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hypnosis under the pendulum over |
Michel, please wake up !
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